Abstract. In this paper we systematically investigate explicit strong stability preserving (SSP) multistage integration methods, a subclass of general linear methods (GLMs), of order p and stage order q ≤ p. Characterization of this class of SSP GLMs is given and examples of SSP methods of order p ≤ 4 and stage order q = 1, 2, . . . , p are provided. Numerical tests are reported which confirm that the constructed methods achieve the expected order of accuracy and preserve monotonicity.
Introduction
Many practical problems in sciences and engineering are modeled by systems of ordinary differential equations (ODEs) which arise from semidiscretization of partial differential equations (PDEs) of mathematical physics. Such systems take the form y (t) = f t, y(t) , t ∈ [t 0 , t end ], y(t 0 ) = y 0 ,
where the function f : R × R m → R m is assumed to have some degree of smoothness.
We assume that the discretization of (1.1) by the forward Euler method y n = y n−1 + hf (t n−1 , y n−1 ), n = 1, 2, . . . , N , N h = t end − t 0 , t n = t 0 + nh, is monotone or contractive. This means that the following inequality holds y n ≤ y n−1 , (1.2) n = 1, 2, . . . , N , in some norm or semi-norm · , for a suitably restricted time step determined by the condition h ≤ h F E . In the class of multistage integration methods we want to determine higher order numerical methods for (1.1), which preserve the monotonicity property (1.2), under the restriction h ≤ C h F E .
(1.3)
Numerical schemes for (1.1) that preserve the monotonicity condition (1.2) under the modified restriction (1.3) are called strong stability preserving (SSP) methods and the constant C ≥ 0 in (1.3) is called SSP coefficient.
SSP Runge-Kutta (RK) and linear multistep methods (LMMs) have been first studied, using the terminology total variation diminishing (TVD) time discretizations, by Shu and Osher [50] . Then, they were further investigated by Gottlieb et al. [22, 23, 24, 25, 27, 43] , Spiteri and Ruuth [53] , Hundsdorfer and Ruuth [32] , Hundsdorfer, Ruuth and Spiteri [33] , Higueras [28, 29, 30, 31] and Ferracina and Spijker [18, 19, 20, 21] . SSP two-step Runge-Kutta (TSRK) methods, introduced by Jackiewicz and Tracogna [40] , were investigated by Ketcheson, Gottlieb and Macdonald in [42] . Constantinescu and Sandu [8] generalized Shu-Osher representation to a class of multistep multistage schemes, which form a special subclass of GLMs. SSP GLMs were investigated by Spijker [52] and by Izzo and Jackiewicz [36, 37] .
In this paper we systematically investigate a subclass of explicit GLMs in order to derive methods with optimal SSP coefficient C.
It is known that irreducible strong stability preserving Runge-Kutta methods have positive stage coefficients, a ij ≥ 0, and strictly positive weights, b j > 0. A similar property holds for SSP two-step Runge-Kutta methods [23] . Gottlieb and Shu [26] proved that no four-stage, fourth-order SSPRK method exists having positive coefficients, while Ruuth and Spiteri [47] proved that an SSPRK method with positive coefficients and order p > 4 cannot exist (for general nonlinear problems). The class of general linear methods allows to break these two barriers and it also permits to construct methods with high stage order.
The paper is organized as follows: in Section 2 we report the formulation of general linear methods (GLMs), the related order conditions and a criterion to determine the SSP coefficient C. In Sections 3 and 4 we characterize some classes of explicit SSP multistage integration methods of order p and stage order q ≤ p and investigate them to construct methods with a large SSP coefficient. In Section 5 we describe the starting and finishing procedures, while in Section 6 we present the results of numerical experiments to validate order and monotonicity preservation of the new SSP schemes. Finally, in Section 7 some concluding remarks are given and plans for future research are briefly outlined.
SSP Conditions for GLMs

General linear methods
General linear methods [1, 2, 3, 39] for the numerical solution of ODEs (1.1) are defined by
. . , N , where N h = t end − t 0 . In (2.1) the internal approximations or stages approximate the solution y to (1.1) at the points t n−1 + c i h to the stage order q, i.e.,
and the external approximations y
approximate the linear combinations of the scaled derivatives of the solution at the grid point t n to the order p, i.e.,
These methods are specified by the abscissa vector c = [c 1 , . . . , c s ] T ∈ R s , four coefficient matrices
. . , p, and four integers: the order of the method p, the stage order q, the number of external approximations r, and the number of internal approximations or stages s.
The framework of general linear methods have been used recently to analyze the numerical stability of several class of methods [4, 5, 9, 10, 11, 13, 14, 15] . General linear methods for second order equations were considered in [12, 16, 17] and for VIEs and VIDEs in [38, 54] .
Order conditions for GLMs
The order conditions for GLMs (2.1) of order p ≤ 4 are reported in Table 1 (compare Butcher [3] , Jackiewicz and Vermiglio [41] , Cardone et. al. [6] ), where Order Corresponding order conditions
Let us remark that stage order q can be achieved by forcing γ k = 0 for k = 0, 1, . . . , q.
It will be always assumed that
and q 0 = [1, 1, . . . , 1] T ∈ R r , so that the stage preconsistency condition γ 0 = 0, or Uq 0 = e, and the preconsistency condition γ 0 = 0, or Vq 0 = q 0 , are automatically satisfied (compare [39] ). When in Table 1 there is a couple of conditions separated by 'or', the first condition refer to order p methods, while the second condition refers to methods with order greater than p.
Characterization of SSP coefficient for GLMs
Following [37] we consider the componentwise inequalities
It was demonstrated in [37] using the results of Spijker [52] that the SSP coefficient C of GLMs (2.1) can be characterized as
Similarly as in [42] this coefficient C can be computed, by the solution to the constrained minimization problem min γ,c,A,U,B,V,q1,...,qp −γ, (2.5) subject to inequality constraints (2.3) and equality constraints
where Φ p,q represents the order conditions up to the order p and stage order conditions up to the stage order q ≤ p.
In order to compare methods with different number of stages s we also define, as in [8] and [42] , the effective SSP coefficient by the normalization C eff = C/s.
Izzo and Jackiewicz [37] investigated the strong stability preserving property for a subclass of explicit general linear methods of order p = 2, 3, 4, stage order q = 1, 2, . . . , p, with r = 2, 3 external stages and s = 2, 3, . . . , 10 internal stages. Methods investigated in [37] contain the class of diagonally implicit multistage integration methods (DIMSIMs), the class of methods of order p and stage order q = p or q = p − 1, with s internal stages and r = s or r = s + 1 external stages, and rank one matrix V.
In this paper we systematically investigate the SSP property for a subclass of explicit GLMs of order p and stage order q = 1, 2, . . . , p, characterized by having the number of external stages r and the number of internal stages s, which equal the order of the method p (i.e. p = r = s), and no restriction on the rank of V is forced. Hereafter we will generally refer to this subclass as multistage integration methods.
3 Methods with p = r = s and U = I
In this section we systematically investigate explicit multistage integration methods of order p ≤ 4 and such that U = I, and p = r = s, q = 1, 2, . . . , p.
(3.1)
To characterize this class of methods we will need the following lemma.
Lemma 1.
For an explicit SSP GLM satisfying (3.1) the matrix A must be identically equal to the zero matrix.
Proof. Let L = [l ij ] s i,j=1 be the matrix given by L = (I + γA) −1 . Since A is strictly lower triangular, L is a lower triangular matrix such that l ii = 1, i = 1, 2, . . . , s. Furthermore,
and we have tril (L) =
where tril (L) stands for the strictly lower triangular part of L. Let us consider the two SSP conditions
Since matrix A is strictly lower triangular, from (3.3) we have γa i+1,i = 0, for i = 1, 2, . . . , s − 1. Hence for SSP methods with γ > 0 we have
From (3.3) and (3.4) we also obtain
Using induction it can be easily proved that a ij = 0, for i, j = 1, 2, . . . , s.
Remark. As consequence of Lemma 1, for GLMs satisfying (3.1), the stage order conditions γ k = 0, k = 0, . . . , q, lead to
and the SSP constraints (2.3) reduce to
Equations (2.3) and (3.5) imply that 0 ≤ v ij ≤ 1 for all i, j = 1, 2, . . . , s, and, when γ is positive, 0 ≤ b ij ≤ 1 for all i, j = 1, 2, . . . , s. This information is helpful to set sharper (lower and upper) bounds on the parameters in the minimization process to solve the problem (2.5).
For SSP methods, from (3.5) we obtain b ij ≥ 0 for all i, j = 1, 2, . . . , s and
Since (3.5) are the only constraints, we obtain
In addition, (3.5) implies 0 ≤ γBe ≤ Ve = e and hence, for an SSP GLM satisfying (3.1) with SSP coefficient C, the following necessary condition must hold
Furthermore, from order condition for p = 1
we obtain
This leads to
Hence the necessary condition (3.7) can be also written as
Methods with
Consider the multistage integration method with coefficients
Solving the order conditions for order p = 2 and stage order q = 2 we obtain a 5-parameter family depending on c 1 , c 2 , v 1 , v 2 and a 21 under the restriction |v 1 −v 2 | < 1, which is equivalent to the power boundedness of the matrix V, and hence it ensure the zero-stability of the method (compare [39] ). Furthermore, from Lemma 1 we obtain a 21 = 0.
Maximizing the SSP coefficient C, adding the restriction c 1 < c 2 , we obtain:
Maximizing the SSP coefficient C, adding the restriction −1 ≤ c 1 < c 2 ≤ 1, we obtain:
while, adding the restriction −2 ≤ c 1 < c 2 ≤ 2, we obtain:
Choosing larger bounds for c 1 and c 2 , the value of C increases (up to 1) but unfortunately also the magnitude of the q's increases. Our numerical search points out that in this case the best attainable value for C seems to be
For the values given by (3.9) the method has the coefficients: 
In order to reach higher values for SSP coefficient C, in the following subsection we consider methods of stage order q = 1.
Solving the order conditions for order p = 2 and stage order q = 1 we obtain a 7-parameter family depending on c 1 , c 2 , v 1 , v 2 , q 12 , q 22 and a 21 under the restriction |v 1 − v 2 | < 1. Since we are looking for SSP methods, Lemma 1 implies a 21 = 0. Maximizing the SSP coefficient C, adding the restriction −1 ≤ c 1 < c 2 ≤ 1, we obtain:
where q 22 is still a free parameter. If we consider the restriction −2 ≤ c 1 < c 2 ≤ 2, the value for C increases to 7 8 . In this case we have
and q 12 = q 22 + 10, where q 22 is still a free parameter. In this case, it seems that the maximal values of the coefficient C the following relation holds:
.
In this section we investigate methods with p = r = s = 3 and q = 3, 2, 1. In this and in the following section we assume that c s = 1. Relaxing this condition allows abscissas shifting, but seems not to lead to larger values for the SSP coefficient.
Forcing strictly increasing abscissas, and c 3 = 1, the optimal SSP method has C = √ 2 − 1 and the following coefficients:
≈ 0.138.
In this case, forcing the restriction −5 ≤ c 1 < c 2 < c 3 = 1, we obtain that the optimal SSP method has C = 5 6 , while under the restriction −3 ≤ c 1 < c 2 < c 3 = 1, we obtain that the optimal SSP method has C = 
Let us remark that for this method the value of C can be obtained as C = v 33 /b 33 = 3/4 (compare (3.6)) and so C eff = 1/4. In this case, our numerical search points out that the best attainable value for C seems to be
In this case the higher SSP coefficient C is given by
where z ≈ −0.782286 is a root of the polynomial
and v 11 = 1 − v 12 ≈ 0.795767 is a root of the polynomial
The coefficients of this methods are: This method has C eff ≈ 0.261. which represents just a slight improvement with respect to the value C eff = 1/4 obtained for method (3.11)-(3.12) having same order p = 3, but a higher stage order q = 2.
In this section we investigate methods with p = r = s = 4 and q = 1, 2, 3, 4.
Forcing strictly increasing abscissas, and c 4 = 1, the optimal SSP method has C ≈ 0.450 and the following coefficients: For this method C eff ≈ 0.112.
In this case, forcing the restriction −3 ≤ c 1 < c 2 < c 3 < c 4 = 1, we obtain that the optimal SSP method has C ≈ 0.507, whose coefficients are For this method C eff ≈ 0.127.
Forcing strictly increasing abscissas, and c 4 = 1, the optimal SSP method has C ≈ 0.410 and the following coefficients: This method has C eff ≈ 0.102.
After an extensive numerical search, we were not able to find SSP GLMs satisfying (3.1) with p = q = r = s = 4. The assumption U = I in (3.1), allows only the construction of SSP GLMs having smaller SSP coefficients C than the corresponding SSP Runge-Kutta methods [23] , two-step Runge-Kutta methods [24] and multistep multiderivative methods [8] . In the following section we will see that considering a more general coefficient matrix U = I allows us to overcome this drawback, and to construct methods with quite large SSP coefficients.
4 Methods with p = r = s and U = I
In this section we systematically investigate multistage integration methods of order p = 2, 3, and 4 and such that U = I, and p = r = s, q = 1, 2, . . . , p.
As in Section 3.3, to compute the SSP coefficient C we numerically solved the minimization problem (2.5), by using the Matlab function fmincon and choosing Table 2 . C eff for GLMpqrs (2.1) with order p = 2, stage order q = 1, 2, r = 2 external stages and s = 2 internal stages.
GLM2122 GLM2222
0.847 0.822 Table 3 . C eff for GLMpqrs (2.1) with order p = 3, stage order q = 1, 2, 3, r = 3 external stages and s = 3 internal stages.
GLM3133 GLM3233 GLM3333
0.667 0.578 0.554 Table 4 . C eff for GLMpqrs (2.1) with order p = 4, stage order q = 1, 2, . . . , 4, r = 4 external stages and s = 4 internal stages.
GLM4144 GLM4244 GLM4344 GLM4444
0.532 0.529 0.518 0.504 the sequential quadratic programming ('sqp') algorithm. Since fmincon is a local minimization routine, we ran an extensively numerical search using at least ten thousands random starting points, generated by means of the rand Matlab function. To the aim of speeding up this search for SSP methods when the number of free parameters and constraints increases the necessary condition provided by the following lemma can be useful (for example to provide sharper bounds for parameters and to obtain a better list of starting points).
Lemma 2. If a general linear method (2.1) has a positive SSP coefficient,
where L = (I + γA) −1 and 0 < γ ≤ C.
Proof. Let us recall we are assuming that Ue = e and Ve = e. From (2.3), LU ≥ 0 implies Le = LUe ≥ 0, and I − L ≥ 0 implies Le ≤ Ie = e, hence the first part of inequalies (4.1) holds. Again, from (2.3), γBL ≥ 0 implies γBLe ≥ 0, and V − γBLU ≥ 0 implies γBLUe ≤ Ve, that is γBLe ≤ e, and so the second part of inequalities (4.1) holds, too.
The C eff coefficients for methods with two, three and four external stages are respectively listed in Tables 2, 3 and 4, using the notation GLMpqrs, where p is the order of the method, q is the stage order, r is the number of external stages and s is the number of internal stages.
Here we report the coefficient matrices of optimal SSP GLMs of order p = 2, p = 3 and p = 4 and p = q = r = s. It is worth remarking that the coefficients listed here are computed using double precision accuracy and they are reported with 16 digits. A technique similar to the one used in [35] can be used when more accurate coefficients are needed, for example for implementation in an extended precision environment. This method has C eff ≈ 0.822. This method has C eff ≈ 0.554. This method has C eff ≈ 0.504.
Coefficients of GLM2222:
c
Coefficients of GLM3333:
Coefficients of GLM4444:
Starting and Finishing Procedures
It is the worth remarking that the multistage integration methods considered in this paper require a starting vector y [0] which satisfies the relation (2.2). In other words, these methods need a suitable starting procedure to attain the expected order of convergence [2, 3, 39] . In our implementation, we used starting procedures in the form of a generalized explicit RK method
with s i stages, i = 1, . . . , r. Order conditions and a complete description of the construction of starting procedures of the form (5.1) can be found in [37] .
Furthermore, from (2.2), the external stages of the GLMs (2.1) approximate a linear combination of the solution and its derivatives at grid points. So, usually, a finishing procedure is needed to recover an approximation for y(t end ). This finishing procedure, which is a suitable linear combination of external stages, does not involve any additional evaluation of the function f and can be constructed by using information coming only from the previous integration step. A possible way to determine a finishing procedure is the following. From (2.2) we know that
and so
Expanding y (k) (t n−1 ) in Taylor series about t n , up to the power p − k, we obtain
and hence, for i = 1, 2, . . . , r, we have
So we obtain
Let us now consider the case r = p. If we define the matrix W ∈ R r×(p+1) as W = [q 0 , q 1 , . . . , q p ], we can recover a numerical approximation of order p for the value y(t n ) by considering a suitable linear system whose coefficient matrix can be obtained adding a row to the matrix W. To this aim, let us define the row vector q ∈ R 1×(p+1) as
We can consider the equality
where
r , y
When the matrix Q is invertible, then
, and hence an approximation for the value of y(t n ) can be computed as a scalar product of the first row of Q −1 by the vector y [n] . If the matrix Q is not invertible, as in case of GLM3333, then the linear system can be obtained by choosing in a different way the p + 1 equations between the 2r equations given by (2.1) and (5.3). 6 Numerical Experiments
Validation of convergence
To verify the order of convergence we apply the methods derived in this paper to the system of ODEs obtained by first order upwind discretization in space variable x of the test problem from [8, 49] ∂y(x, t) ∂t = − ∂y(x, t) ∂x
with initial condition y(x, 0) = 1 + x, 0 ≤ x ≤ 1, and left boundary condition y(0, t) = 1/(1 + t), 0 ≤ t ≤ 1. The exact solution to this problem is
Since this solution is linear in space variable x, the resulting system of ODEs does not introduce any discretization error and have the solution
for any grid point x i , i = 0, . . . , N , where x i = i∆x, i = 0, 1, . . . , N , and N ∆x = 1. We have plotted on Figs. 1-3 in double logarithmic scale the norm of global error at the end point t f of the interval of integration versus the temporal stepsize h for methods of order p = 2, p = 3, p = 4, and stage order q = 1, 2, . . . , p.
We can see that all methods achieve the expected order of convergence.
As already mentioned in the introduction the class of GLMs allows us to break the order four barrier for SSPRK methods. The work on the construction of SSP GLMs of high order and stage order will be reported elsewhere. slope of order p=4 SSP GLM with p=4,q=1,r=4,s=4 SSP GLM with p=4,q=2,r=4,s=4 SSP GLM with p=4,q=3,r=4,s=4 SSP GLM with p=4,q=4,r=4,s=4 
Order preservation for high stage order methods
In order to further validate the order preservation for high stage order SSP multistage integration methods we report in Figs. 4 and 5 the results of numerical tests that point out that the constructed high order stages SSP multistage integration methods preserve the theoretical order of convergence p, while low stage order SSP Runge-Kutta methods suffer from the well known order reduction phenomenon. Specifically, following Constantinescu and Sandu [8] , we considered problem (6.1) and pointed out that, when the spatial and temporal grids are refined simultaneously, SSPRK(3,3) method [22] and SSPRK (5, 4) method [24, 44, 53] only achieve order p = 2, while GLM3333, of order p = 3 and stage order q = 3, preserves the expected order p = 3 (see Fig. 5 ). For the sake of completeness, it is worth to remark that when the space grid is maintained fixed, i.e. the ODE problem is fixed, then the expected order is preserved for all considered Runge-Kutta and multistage integration methods (see Fig. 4 ). The order reduction phenomenon for RK methods reported in Fig. 5 is due to naive implementation of a time-dependent Dirichlet boundary condition. This phenomenon has been analyzed in the literature and for linear hyperbolic equations it can be reduced or avoided by a suitable transformation or differentiation of the boundary conditions as shown in [7, 34, 48, 49] .
Validation of monotonicity
To verify monotonicity properties of GLMs constructed in this paper we consider, following Ferracina and Spijker [21] , Constantinescu and Sandu [8] and Ketcheson et. al. [42, 43] , the following problems (compare also with [34, 45, 53] ).
Problem 1. The inviscid Burgers equation
∂y(x, t) ∂t
with X = 2, and with initial condition
and periodic boundary conditions y(0, t) = y(2, t), 0 ≤ t ≤ t f .
Problem 2. We consider again the Burgers equation (6.2) . In this case with X = 1 and with discontinuous initial condition
and periodic boundary conditions y(0, t) = y(1, t), 0 ≤ t ≤ t f .
Problem 3. The Buckley-Leverett equation
This equation models a two-phase flow through the porous media, see for example [46] . We take a = 1/4 and assume the discontinuous initial condition 6) and periodic boundary conditions
For all these problems the space derivative was discretized by a fifth order finite difference weighted essentially non-oscillatory (WENO) scheme [51] .
A numerical approximation obtained by the SSP multistage integration methods of order p = 3 and stage order q = 3 whose coefficients are listed in Section 4, is presented in Fig. 6, Fig. 7 and Fig. 8 . For comparison purpose we have also also plotted the numerical approximation obtained by the SSPRK(3,3) method [22] . We can see that, using the same temporal stepsize ∆t for both methods, the SSP multistage integration methods exhibits smooth behavior, while numerical solution obtained by SSPRK(3,3) method exhibits spurious oscillations. In the caption of Figures 6-8 we denoted with ν the so-called Courant number (or CFL number) defined as ν = |a∆t/∆x|, where a = max(y) for Problems 1 and 2, and a = max( dΦ dy (y)) for Problem 3, ∆t = t f /N t and ∆x = X/N . As is well known, the solution of hyperbolic PDEs can develop discontinuities, even if the initial data is a smooth function. In Problem 1 a shock occurs at t = 4/π as the characteristic lines cross. For Problems 2 and 3 the presence of shocks is due to the discontinuity in the initial data. Our numerical results confirm that the presented SSP multistage integration methods methods, combined with appropriate spatial discretization, perform well even if a shock occurs. Even if, for the sake of brevity, we are not reporting the results here, we verified that for sufficiently small values of CFL number ν the behavior of the methods derived in this paper is very similar to a SSPRK of the corresponding order (we used SSP(2,2), SSPRK(3,3) and SSPRK(5,4) from [22] ) for several space discretization schemes (such as first, second and third order upwind, second order ENO, Lax-Wendroff, third-order upwind-biased flux limited [34, 45] ).
Finally we report the results of the investigation of the SSP property by means of the total variation (TV) semi-norm:
TV (y(t, x)) = N i=1 y(t, x i ) − y(t, x i−1 ) , (compare [8] ). The preservation of the strong stability requires that the TV norm be nonincreasing from one step to the next. It follows that the maximum total variation change is nonpositive max i=1,...,Nt TV y(t i , x) − TV y(t i−1 , x) ≤ 0, N t = t f /∆t.
In Figure 9 we plotted the maximum TV change for the numerical solution obtained by applying the Forward Euler method and the multistage integration methods listed in Section 4 to Problem 1 using the conservative first order upwind scheme for the spatial discretization, with N = 100 and t f = 2. For comparison, we also reported in Figure 10 an analogous plot obtained by the Runge-Kutta methods SSP(2,2), SSPRK (3, 3) and SSPRK(5,4) from [22] . Figures 9 and 10 show that, in this case, GLM2222 and GLM3333 preserve the monotonicity of the numerical solution for larger Courant numbers (and hence for larger temporal stepsize) than SSPRK(2,2) and SSPRK (3, 3) , respectively. A similar result holds for GLM4444 respect to SSPRK(5,4), if one take into account that SSPRK(5,4) has order four, but it has five stages, so the Courant number should be scaled by a factor of 4/5. Hence SSPRK(5,4) would preserve the monotonicity of the numerical solution approximately up to an effective Courant number of 2.4 (compare [53] ).
Concluding Remarks
We have used the monotonicity theory of general linear methods developed by Spijker [52] to construct methods which preserve the so-called strong stability property. To this aim, we systematically investigated the class of GLMs of order p = 2, 3, 4, stage order q = 1, 2, . . . , p and such that the number of external stages r and the number of internal stages s both match the order of the method p. We also gave a characterization of methods for which U = I, and some useful necessary conditions to limit the search domain for the minimization problem (2.5) which is described in Section 2.3. Numerical examples illustrate that the methods derived in this paper achieve the expected order of accuracy, and high stage order methods do not suffer from the order reduction phenomenon. Moreover, under appropriate stepsize restrictions, these methods combined with appropriate spatial discretization, do not produce spurious oscillations when applied to semidiscretizations of hyperbolic conservation laws.
Future work will address the construction of implicit SSP GLMs and explicit SSP GLMs of high order, and the efficient implementation of these methods for semidiscretizations in space variables of partial differential equations.
